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$\S’ 1^{l}$ $\overline{B}$ .
$C^{*}$ - Hopf*-
Hopf *-
$A=(A, \delta, \epsilon, \kappa)$ $\mathrm{H}\mathrm{o}\mathrm{p}\mathrm{f}*$-algebra
$A$ : a $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{l}*$-algebra
$\delta$ : $Aarrow A\otimes A$ (coproduct) $\mathrm{a}*$-homomorphism
$\mathrm{s}.\mathrm{t}$ . $(id\otimes\delta)0\delta=(\delta\otimes id)0\delta$
$\epsilon$ : $Aarrow \mathbb{C}$ (counit) $\mathrm{a}*$-homomorphism
$\mathrm{s}.\mathrm{t}$ . $(id\otimes\epsilon)0\delta=(\epsilon\otimes id)0\delta=id$
$\kappa$ : $Aarrow A$ (antipode) an anti-homomorphism
$\mathrm{s}.\mathrm{t}$ . $m\mathrm{o}(id\otimes\kappa)0\delta=m\mathrm{o}(\kappa\otimes id)0\delta=u\mathrm{o}\epsilon$
$\mathcal{K}0*0\kappa 0*=id$
$\otimes$
$m$ es $A\text{ }$ product $(m:A\otimes A\ni a\otimes barrow ab\in A)$
$ul\mathrm{h}A\text{ }$ unit $(u:\mathbb{C}\ni\lambdaarrow\lambda 1\in A)$
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Lie
2
$G$ $F(G)$ $G$ $\mathbb{C}$ $F(G)$ pointwise




( $f\in F(G),$ $e$ $G$ unit, $s,$ $t\in G$) $F(G\cross G)\cong F(G)\otimes F(G)$
$(F(G), \delta, \epsilon, \kappa)l\mathrm{h}\mathrm{H}\mathrm{o}_{\mathrm{P}^{\mathrm{f}}}*-\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}_{\circ}$
$G$ $G$ $C(G)$
4 $\delta,$ $\epsilon,$ $\kappa$ $(A, \delta, \epsilon, \kappa)$ Hopf*-
$\mathrm{H}\mathrm{o}\mathrm{p}\mathrm{f}*$ - $G$ Hopf*-
Hopf*- –
( $m\circ$ \mbox{\boldmath $\sigma$}\neq m) $(\sigma\circ\delta\neq\delta)_{\text{ }}(\sigma : A\otimes A\ni a\otimes barrow b\otimes a\in A\otimes A)$
$\mathrm{H}\mathrm{o}\mathrm{p}\mathrm{f}*$ - $A$ 4 i
$A’$ opf $(*)$ - $A$ algebraic dual $\varphi\in$ left (right) invari-
ant $\varphi$
$(id\otimes\varphi)(\delta(a))=\varphi(a)1((\varphi\otimes id)(\delta(a))=\varphi(a)1)$ for $a$ $\in A$
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1) $\mathrm{H}\mathrm{o}\mathrm{p}\mathrm{f}*$- $A$ non-trivial left (or rlght) invariant functional
unique $(\mathrm{c}.\mathrm{f}. [0])\text{ }$ faithfull $(\mathrm{c}.\mathrm{f}. [7])$
2) Hopf*- $A$ non-trivial, left $\mathrm{i}\mathrm{n}\mathrm{v}$ . $\varphi\in A’$ positive $(\varphi(a^{*}a)\geq 0, a\in A)$
$\varphi$ right $\mathrm{i}\mathrm{n}\mathrm{v}$ . $\varphi(1)\neq 0$
$\varphi$ la faithfull $(\varphi(a^{*}a)=0\Rightarrow a=0)$
$\mathrm{H}\mathrm{o}\mathrm{p}\mathrm{f}*$- 4 $\mathrm{i}\mathrm{n}\mathrm{v}$ . $\varphi\in A’$ positive
Hopf*- $A$
non-trivial, positive, ( ) invariant $h\in A’$





$\mathrm{H}\mathrm{o}\mathrm{p}\mathrm{f}*$ - $A$ dual $A’$
$\varphi*\psi\equiv(\varphi\otimes\psi)0\delta(\varphi, \psi_{\in}A’)$
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convolution $A’$ unital algebra (counit $\epsilon$ $A’$
)
$A$ $\mathrm{H}\mathrm{o}\mathrm{p}\mathrm{f}*$- $A’$ 2 involution
$\varphi^{\#}=\varphi^{*}0\kappa$ , $\varphi^{\mathrm{b}}=\varphi^{*}0\kappa^{-1}(\varphi\in A’)$
$\varphi^{*}(a)\equiv\overline{\varphi(a^{*})}(a\in A)$ 2 involution $A’$ $*$ -algebra
$\#,$
$\mathrm{b}$ left, right involutlon
(R) $\varphi^{\#}=\varphi^{\mathrm{b}}(\varphi\in A’)\Leftrightarrow\kappa l\mathrm{f}*- \mathrm{i}\mathrm{n}\mathrm{V}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{t}\Leftrightarrow\kappa^{2}=id$
$\varphi^{*}$ involution $((\varphi*\psi)^{**}=\varphi*\psi^{*})$
Hopf $*$- $A$




$U\equiv(u_{ij})\in M_{n}(\mathbb{C})\otimes A$ $A$ unitary corep.
( ) $A$ unitary corep. $U=(u_{ij})$ antipode $\kappa$ axiom $\kappa(u_{ij})=u_{ji}^{*}$
unitary corep. $\{u_{ij}\}\subset A$ $U=(u_{ij})\in M_{n}(\mathbb{C})\otimes A$
$\{T\in M_{n}(\mathbb{C})|(T\otimes id)U=U(T\otimes id)\}=\mathbb{C}1$
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\S 2. Hopf*- convolution algebra
$A=(A, \delta, \epsilon, \kappa)$ Hopf*- $h$ $A$ Haar measure $A$
$(a, b)=h(b^{*}a)$ for $a,$ $b\in A$
$A$ $(\cdot, \cdot)$ $\mathcal{H}_{h}$
$A$ $A’$ algebra
$\pi(a)b=ab$ a, $b\in A$
$\lambda(\varphi)=(id\otimes\varphi)0\delta$ $\varphi\in A’$
$\rho(\varphi)=(\varphi\otimes id)0\varphi\in A’$
$\pi(a),$ $\lambda(\varphi),$ $\rho(\Psi)(a\in A, \varphi\in A’)$ $\mathcal{H}_{h}$ dense $A$ 4
$\text{ }$ \ell E o
$\infty$.
$\neg 12$
$\pi(a^{*})\subset\pi(a)^{*}$ , $\lambda(\varphi^{\#})\subset\lambda(\varphi)^{*}$ , $\rho(\varphi^{\mathrm{b}})\subset\rho(\varphi)^{*}$




$(a, b\in A, \varphi, \psi\in A’)$
$\xi\in \mathcal{H}_{h}$
$\varphi_{\xi}(a)=(\xi, a^{*})a\in A$
$\varphi_{\xi}\in A’$ $\varphi\in A’$
$\varphi=\varphi_{\xi}$ for some $\xi\in \mathcal{H}$
$\Rightarrow$
$\varphi$ la $L^{2}$-bounded i.e.
$|\varphi(a^{*})|\leq\lambda||a||$ $(a\in A)$ for some const. $\lambda$
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$L^{2}$-bounded $\varphi_{\xi},$ $\varphi_{\eta}\in A’$
$\varphi_{\xi}*\varphi_{\eta}$
$L^{2}$-bounded,
$\varphi_{\xi}*\varphi_{\eta}=\varphi_{\zeta}$ for some $\zeta\in \mathcal{H}_{h}$
$\zeta$ $\xi*\eta$
1) $\mathcal{H}_{h}$ $*$ Hilbert space norm Banach
2) $\mathcal{H}_{h}$ $A*A\subset A$
3) $a\in A$ $a=\#\kappa(a)^{*}$ , $a^{\mathrm{b}}--\kappa(a^{*})$
$\varphi_{a}^{\#}=\varphi_{a\#}$ , $\varphi_{a}^{\mathrm{b}}=\varphi a^{\mathrm{b}}$ ’
$aarrow a\#,$ $aarrow a^{\mathrm{b}}$ $*$ algebra $A$ involution
$*$ #( b) involution $*$-algebra4 Hopf $*$-algebra $A$
$\tilde{A}$ left ( right) convolution algebra




1) $\epsilon(b\#*a)=(a, b)=\epsilon(a*b^{\mathrm{b}})(a, b\in\tilde{A})$
( $\epsilon$ $\tilde{A}$ Plancharel weight)
2) $\tilde{A}^{2}$ $\tilde{A}$ $\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{e}\circ$ left (right) convolution algebra $\tilde{A}$ $\mathcal{H}_{h}$ left
(right) Hilbert algebra
3) $(\xi)\eta=\xi*\eta=\hat{\pi}’(\eta)\xi$ $\hat{\pi}(\tilde{A})’’=\hat{\pi}(’\tilde{A})\prime\prime$ .
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( ) anti-linear operator $aarrow a\#$ $(aarrow a^{\mathrm{b}})$ in $\mathcal{H}_{h}$ $S(F)$
$D(S)(D(F))$ achieved left (right) Hilbert algebra $S=F^{*},$ $F^{*}=S$
Hopf *- convolution algebra $\tilde{A}$ ( )
$\hat{\pi}(a),\hat{\pi}’(a)(a\in A)$ finite rank operators
Banach algebra $\mathcal{H}_{h}$ minimal closed two sided ideal $\{A_{\gamma} : \gamma\in\Gamma\}$
$\mathcal{H}_{h}=\sum_{\mathrm{r}\gamma\in}^{\oplus}A\gamma$
’ 7\cong M $(n_{\gamma}, \mathbb{C})$
$A= \bigoplus_{\gamma\in\Gamma}A_{\gamma}$
(algebraic direct sum
$A_{\gamma}\cong M(n_{\gamma}, \mathbb{C})$ $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}\mathcal{T}\gamma$
$\epsilon(a)=\tau_{\gamma}(h_{\gamma}*a)a\in A_{\gamma}$
$h_{\gamma}=h_{\gamma}\#\in A_{\gamma^{\text{ }}}$ $h_{\gamma}$ matrix unit $\{u_{ij}\}$
$e_{ij}^{\gamma}*ekf=\delta_{jk}\gamma e_{il}^{\gamma}$ , $e_{ij}^{\gamma}=e_{ji}^{\gamma}\#$ , $h_{\gamma}= \sum_{i=1}^{n_{\gamma}}\lambda_{i}e_{i}^{\gamma}i$
$u_{ij}^{\gamma}=h_{\gamma}^{-} \frac{1}{2}*e^{\gamma}ij^{*h_{\gamma}}-\frac{1}{2}(i,j=1, \cdots, n_{\gamma})$
$U^{\gamma}=(u^{\gamma}ij)\in M(n_{\gamma}, \mathbb{C})\otimes A$




(ii) $A$ unitary corep. $U^{\gamma}=(u_{ij}^{\gamma})$ $(\gamma\in\Gamma)$
$A= \bigoplus_{\gamma\in\Gamma}$
Span $\{u_{ij}^{\gamma}\}_{i,j}$
( ) Dijkhuizen-Koornwinder [1]
\S 3. Remarks






$a\in A$ $\mathrm{f}^{u_{ij}^{\gamma}}$ } – $\pi(a)\in B(\mathcal{H}_{h})$
$\pi(A)$ $C^{*}$- $\overline{\pi(A)}$ $A$
coproduct $\delta$
$\Phi$ : $\overline{\pi(A)}arrow\overline{\pi(A)}\overline{\otimes}\overline{\pi(A)}$
$\Phi$ $C^{*}$- $\overline{\pi(A)}$ coproduct $\circ$





2. $\tilde{A}$ left convolution algebra for compact Hopf $*$ -algebra $A$ $\tilde{A}\subset A’$
4 $\tilde{A}$ pairing $<\cdot,$ $\cdot>$ $a\in\tilde{A}$
$<x\otimes y,\hat{\delta}(a)>=<xy,$ $a>$ $x,$ $y\in A$
$\hat{\delta}(a)$
$\text{ }:\tilde{A}arrow M(\tilde{A}\otimes\tilde{A})$
$*$-homomorphism $\tilde{A}$ coproduct $M(\cdot)$ multiplier algebra
$\tilde{A}=\oplus_{\gamma\in\Gamma}M(n_{\gamma}, \mathbb{C})$
$M(\tilde{A}\otimes\tilde{A})=\square _{\alpha,\beta\in\Gamma}M(n_{\alpha}, \mathbb{C})\otimes M(n_{\beta}, \mathbb{C})$ .
$.a\otimes barrow\hat{\delta}(a)(1\otimes b)$
$a\otimes barrow(a\otimes 1)\hat{\delta}(b)$
$\tilde{A}\otimes\tilde{A}$ bijection $(\tilde{A},\hat{\delta})$ multiplier $\mathrm{H}\mathrm{o}\mathrm{p}\mathrm{f}*$-algebra . Van
Daele [8] discreat quantum group. ([2] ) multiplier Hopf $*-$
algebra discreat quantum group compact quantum group (compact Hopf
$*- \mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a})$ discreat, compact
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